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:H SUHVHQW DQ DQDO\WLFDO LQYHVWLJDWLRQ RI H[DFW DQWLFLSDWLQJ V\QFKURQL]DWLRQ EHWZHHQ WZR EL
LGLUHFWLRQDOO\ FRXSOHG WLPHGHOD\HG V\VWHPV LQ WKH FDVH ZKHQ WKHVH V\VWHPV DUH JRYHUQHG E\ WZR
FKDUDFWHULVWLF WLPHV WKH GHOD\ WLPH LQ WKH FRXSOLQJ DQG WKH GHOD\ WLPH LQ WKH FRXSOHG V\VWHPV
WKHPVHOYHV :H nQG WKDW H[DFW DQWLFLSDWLQJ FKDRV V\QFKURQL]DWLRQ ZLWK FRXSOLQJGHOD\ DQWLFLSDW
LQJ WLPHV FDQ H[LVW LI WKHUH DUH SDUDPHWHU PLVPDWFKHV :H DSSO\ RXU DSSURDFK WR LQWHUSUHW WKH
UHVXOWV RI UHFHQW nUVW H[SHULPHQWDO REVHUYDWLRQ RI DQWLFLSDWLQJ FKDRV V\QFKURQL]DWLRQ LQ H[WHUQDO
FDYLW\ VHPLFRQGXFWRU ODVHUV ZLWK RSWLFDO IHHGEDFN 66LYDSUDNDVDP (06KDKYHUGLHY 366SHQFHU
DQG .$6KRUH 3K\V5HY/HWW    :H HVWDEOLVK WKDW RXU DSSURDFK FDQ H[SODLQ
WKH H[SHULPHQWDO UHVXOWV IRU RQO\ VSHFLDO FDVHV
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6HPLQDO SDSHUV RQ FKDRV V\QFKURQL]DWLRQ >@ KDYH VWLPXODWHG D ZLGH UDQJH RI UHVHDUFK DFWLYLW\
D UHFHQW FRPSUHKHQVLYH UHYLHZ RI WKH VXEMHFW LV IRXQG LQ >@6\QFKURQL]DWLRQ SKHQRPHQD LQ FRX
SOHG V\VWHPV KDYH EHHQ HVSHFLDOO\ H[WHQVLYHO\ VWXGLHG LQ WKH FRQWH[W RI ODVHU G\QDPLFVHOHFWURQLF
FLUFXLWV FKHPLFDO DQG ELRORJLFDO V\VWHPV >@ $SSOLFDWLRQ RI FKDRV V\QFKURQL]DWLRQ FDQ EH IRXQG
LQ VHFXUH FRPPXQLFDWLRQ RSWLPL]DWLRQ RI QRQOLQHDU V\VWHP SHUIRUPDQFH PRGHOLQJ EUDLQ DFWLYLW\
DQG SDWWHUQ UHFRJQLWLRQ SKHQRPHQD >@
7KHUH DUH GLmHUHQW W\SHV RI V\QFKURQL]DWLRQ LQ LQWHUDFWLQJ FKDRWLF V\VWHPV &RPSOHWH JHQHUDOL]HG
SKDVH ODJ DQG DQWLFLSDWLQJ V\QFKURQL]DWLRQV RI FKDRWLF RVFLOODWRUV KDYH EHHQ GHVFULEHG WKHRUHW
LFDOO\ DQG REVHUYHG H[SHULPHQWDOO\ &RPSOHWH V\QFKURQL]DWLRQ LPSOLHV FRLQFLGHQFH RI VWDWHV RI
LQWHUDFWLQJ V\VWHPV \W  [W >@ $ JHQHUDOL]HG V\QFKURQL]DWLRQ LQWURGXFHG IRU GULYHUHVSRQVH
V\VWHPV LV GHnQHG DV WKH SUHVHQFH RI VRPH IXQFWLRQDO UHODWLRQ EHWZHHQ WKH VWDWHV RI UHVSRQVH DQG
GULYH LH \W  ) [W >@ 3KDVH V\QFKURQL]DWLRQ PHDQV HQWUDLQPHQW RI SKDVHV RI FKDRWLF
RVFLOODWRUV Qj  bPj   FRQVW Q DQG P DUH LQWHJHUV ZKHUHDV WKHLU DPSOLWXGHV UHPDLQ FKDRWLF
DQG XQFRUUHODWHG >@ /DJ V\QFKURQL]DWLRQ DSSHDUV DV D FRLQFLGHQFH RI VKLIWHGLQWLPH VWDWHV RI
WZR V\VWHPV \W  [  W s [Wb ~ ZLWK SRVLWLYH ~ DQG KDV EHHQ VWXGLHG LQ EHWZHHQ V\PPHWUL
FDOO\ FRXSOHG QRQLGHQWLFDO RVFLOODWRUV >@ DQG LQ WLPHGHOD\HG V\VWHPV >@ /DVWO\ LW ZDV UHFHQWO\
GLVFRYHUHG >@ WKDW GLVVLSDWLYH FKDRWLF V\VWHPV ZLWK D WLPHGHOD\HG IHHGEDFN FDQ GULYH LGHQWLFDO
V\VWHPV LQ VXFK D ZD\ WKDW WKH GULYHQ V\VWHPV DQWLFLSDWH WKH GULYHUV E\ V\QFKURQL]LQJ ZLWK WKHLU
IXWXUH VWDWHV 7KXV DQWLFLSDWLQJ V\QFKURQL]DWLRQ >@ DOVR DSSHDUV DV D FRLQFLGHQFH RI VKLIWHGLQ
WLPH VWDWHV RI WZR FRXSOHG V\VWHPV EXW LQ WKLV FDVH LQ FRQWUDVW WR ODJ V\QFKURQL]DWLRQ WKH GULYHQ
V\VWHP DQWLFLSDWHV WKH GULYHU \W  [W ~ RU [  \  ~ ! 
7KH nUVW H[SHULPHQWDO REVHUYDWLRQ RI DQWLFLSDWLQJ FKDRV V\QFKURQL]DWLRQ KDV EHHQ UHSRUWHG
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UHFHQWO\ LQ DQ RSWLFDO V\VWHP XVLQJ ELGLUHFWLRQDOO\ FRXSOHG WZR GLRGH ODVHUV DV WUDQVPLWWHU DQG
UHFHLYHU >@ 7KH WUDQVPLWWHU ZDV UHQGHUHG FKDRWLF E\ DSSOLFDWLRQ RI DQ RSWLFDO IHHGEDFN LQ DQ
H[WHUQDO FDYLW\ FRQnJXUDWLRQ 7KH UHFHLYHU ZDV D VROLWDU\ ODVHU GLRGH LHZLWK QR IHHGEDFN PLUURU
,W ZDV IRXQG WKDW WKH DQWLFLSDWLQJ WLPH ZDV HTXDO WR WKH OLJKW SURSDJDWLRQ WLPH IURP WKH WUDQV
PLWWHU WR WKH UHFHLYHU DQG GRHV QRW GHSHQG RQ WKH H[WHUQDO FDYLW\ URXQG WULS WLPH
,Q WKLV SDSHU ZH FRQVLGHU DQ DQDO\WLFDO LQYHVWLJDWLRQ RI H[DFW DQWLFLSDWLQJ V\QFKURQL]DWLRQ
EHWZHHQ WZR ELLGLUHFWLRQDOO\ FRXSOHG QRQFKDRWLF WLPHGHOD\HG V\VWHPV LQ WKH FDVH ZKHQ WKHVH
V\VWHPV DUH JRYHUQHG E\ WZR FKDUDFWHULVWLF WLPHV WKH GHOD\ WLPH LQ WKH FRXSOLQJ DQG WKH GHOD\
WLPH LQ WKH FRXSOHG V\VWHPV 1R DSSUR[LPDWLRQV DUH WR EH PDGH WR DFKLHYH DQWLFLSDWLQJ V\QFKUR
QL]DWLRQ )RU WKLV UHDVRQ ZH FDOO LW LW H[DFW DQWLFLSDWLQJ V\QFKURQL]DWLRQ :H nQG WKDW H[DFW
DQWLFLSDWLQJ FKDRV V\QFKURQL]DWLRQ PDQLIROG ZLWK FRXSOLQJGHOD\ DQWLFLSDWLQJ WLPHV FDQ H[LVW LI
WKHUH DUH SDUDPHWHU PLVPDWFKHV :H DSSO\ RXU DSSURDFK WR LQWHUSUHW WKH UHVXOWV RI UHFHQW nUVW
H[SHULPHQWDO REVHUYDWLRQ RI DQWLFLSDWLQJ FKDRV V\QFKURQL]DWLRQ LQ H[WHUQDO FDYLW\ VHPLFRQGXFWRU
ODVHUV ZLWK RSWLFDO IHHGEDFN :H HVWDEOLVK WKDW RXU DSSURDFK FDQ H[SODLQ WKH H[SHULPHQWDO UHVXOWV
RQO\ IRU VSHFLDO FDVHV
:H EHJLQ ZLWK WKH LQYHVWLJDWLRQ RI QRQFKDRWLF V\VWHPV $OWKRXJK WKLV LV QRW WKH IRFXV RI
WKH SUHVHQW ZRUN LW LV SUHVHQWHG LQ GHWDLO EHFDXVH WKH QRQFKDRWLF V\VWHPV VHUYHV DV D WHVW FDVH
ZKHUH WKH LGHD RI SDUDPHWHU PLVPDWFK OHDGLQJ WR DQWLFLSDWLQJ V\QFKURQL]DWLRQ ZLWK FRXSOLQJ GHOD\
LV WHVWHG WR VHH ZKLFK SDUDPHWHUV
 FKDQJHV FDQ EH RSWLPDO DV LW ZLOO EHFRPH FOHDU EHORZ WKHUH
DUH REYLRXV TXDOLWDWLYH VLPLODULWLHV EHWZHHQ WKH HUURU G\QDPLFV HTXDWLRQV IRU WKH QRQFKDRWLF DQG
FKDRWLF V\VWHPV VWXGLHG LQ WKLV SDSHU &RQVLGHU WKH IROORZLQJ ELGLUHFWLRQDOO\ FRXSOHG QRQFKDRWLF
WLPHGHOD\HG V\VWHPV GULYHU [ DQG UHVSRQVH \ V\VWHPV ZLWK WKH IHHGEDFN GHOD\ WLPH ~ < DQG WKH
FRXSOLQJ GHOD\ WLPH ~ = 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ZKHUH N I DQG N E DUH IHHGEDFN UDWHV IRU WKH GULYHU DQG UHVSRQVH V\VWHPV UHVSHFWLYHO\ N J LV WKH FRX
SOLQJ UDWH 6XSSRVH WKDW LQ HTV WKH SDUDPHWHU m LV GLmHUHQW IRU QRQFKDRWLF GULYHU PDVWHU DQG
UHVSRQVH VODYH V\VWHPV m K  m p DQG m L  mb p ZKHUH p GHWHUPLQHV SDUDPHWHU PLVPDWFKHV
1RZ ZH DUJXH WKDW ZLWK SDUDPHWHU PLVPDWFKHV p 
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LV WKH DQWLFLSDWLQJ V\QFKURQL]DWLRQ PDQLIROG 7KH SURRI FRPHV IURP WKH LQYHVWLJDWLRQ RI WKH
G\QDPLFV RI WKH HUURU c  [b \ O P  ZKLFK FDQ EH ZULWWHQ DV
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,W LV REYLRXV WKDW XQGHU WKH FRQGLWLRQV
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HTXDWLRQ  FDQ EH UHZULWWHQ DV
Gc
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,Q RWKHU ZRUGV XQGHU WKH FRQGLWLRQV  c   LV VROXWLRQ RI WKH V\VWHP 
7R VWXG\ WKH VWDELOLW\ RI WKH DQWLFLSDWLQJ V\QFKURQL]DWLRQ PDQLIROG  RQH FDQ XVH D .UDVRYVNLL
/\DSXQRY IXQFWLRQDO DSSURDFK $FFRUGLQJ WR >@ WKH VXpFLHQW VWDELOLW\ FRQGLWLRQ IRU WKH
WULYLDO VROXWLRQ c   RI WLPH GHOD\ HTXDWLRQ _ `a b  bUWc  VWc c LV UW ! MVWM 7KXV ZH
REWDLQ WKDW
m d ! MN e M 
LV WKH VXpFLHQW VWDELOLW\ FRQGLWLRQ IRU WKH DQWLFLSDWLQJ V\QFKURQL]DWLRQ PDQLIROG  7KH FRQ
GLWLRQ  LV WKH H[LVWHQFH QHFHVVDU\ FRQGLWLRQ RI DQWLFSDWLQJ V\QFKURQL]DWLRQ EHWZHHQ WKH EL
LGLUHFWLRQDOO\ FRXSOHG QRQFKDWRWLF WLPHGHOD\HG V\VWHPV  1RWLFH WKDW ZH PDNH QR DSSUR[LPD
WLRQV WR REWDLQ WKH DQWLFLSDWLQJ V\QFKURQL]DWLRQ PDQLIROG  DQG WKLV LV ZK\ ZH DGGUHVV LW DV DQ
H[DFW DQWLFSDWLQJ V\QFKURQL]DWLRQ 7KH VHYHUH UHVUWLFWLYHQHVV RI WKH H[LVWHQFH FRQGLWLRQV  VKRXOG
EH XQGHUOLQHG WRR )RU WKH QRIHHGEDFN FDVH LQ WKH UHFHLYHU LH N e   DV LQ WKH H[SHULPHQWDO
ZRUN >@ ZH REWDLQ WKH IROORZLQJ H[LVWHQFH FRQGLWLRQV IRU WKH H[DFW DQWLFLSDWLQJ V\QFKURQL]DWLRQ
PDQLIROGN d  N f  ~ d  ~ e  +HUH ZH DOVR KDYH WR XQGHUOLQH WKH IROORZLQJ SRLQW &RXSOLQJGHOD\
H[DFW DQWLFLSDWLQJ V\QFKURQL]DWLRQ DOVR FDQ EH REVHUYHG IRU WKH SHULRGLF GULYLQJ ,QGHHG IRU WKH
SHULRGLF GULYLQJ
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 ZKLFK PHDQV WKDW IRU WKH SHULRGLF GULYLQJ WKH FRQGLWLRQ ~ d  ~ e LV QRW UHTXLUHG IRU WKH REVHUYD
WLRQ RI WKHH[DFW DQWLFLSDWLQJ V\QFKURQL]DWLRQ PDQLIROG  ,Q JHQHUDO DQ DSSUR[LPDWH DQWFLSDWLQJ
V\QFKURQL]DWLRQ PDQLIROG [ { \ i j VWLOO KROGV LI WKH GLmHUHQFH N k [ i l b N m [ n i j LV FORVH WR ]HUR

1H[W ZH FRQVLGHU DQWLFLSDWLQJ V\QFKURQL]DWLRQ EHWZHHQ FKDRWLF VHPLFRQGXFWRU ODVHUV ZLWK RSWL
FDO IHHGEDFN 6WXG\LQJ V\QFKURQL]DWLRQ LQ FKDRWLF VHPLFRQGXFWRU ODVHUV LV RI JUHDW SUDFWLFDO LPSRU
WDQFH GXH WR WKHLU DSSOLFDWLRQV LQ KLJKVSHHG RSWLFDO FRPPXQLFDWLRQV DQG SRWHQWLDO LQ FKDRVEDVHG
VHFXUH FRPPXQLFDWLRQV >@ ([WHUQDO FDYLW\ ODVHU GLRGHV DUH FRPPRQO\ PRGHOHG ZLWK WKH /DQJ
.RED\DVKL HTXDWLRQV VHH HJ >@ %DVHG RQ >@ KHUH ZH ZLOO XVH UDWH HTXDWLRQV IRU WKH ODVHU
LQWHQVLW\ WKH SKRWRQ GHQVLW\ , DQG H[FHVV FDUULHU GHQVLW\ Q WR GHVFULEH VHPLFRQGXFWRU ODVHUV ZLWK
RSWLFDO IHHGEDFN 7KH XVH RI WKH UDWH HTXDWLRQV ZKLFK QHJOHFW WKH RSWLFDO SKDVH LV MXVWLnHG LQ GH
WDLO LQ >@ :H KDYH DOVR LQYHVWLJDWHG WKH DQWLFLSDWLQJ FKDRV V\QFKURQL]DWLRQ UHJLPH LQ H[WHUQDO
FDYLW\ ODVHUV PRGHOOHG E\ WKH /DQJ.RED\DVKL HTXDWLRQV ZKLFK LQFOXGHV WKH RSWLFDO SKDVH DQG
KDYH GHULYHG WKH VDPH H[LVWHQFH FRQGLWLRQV IRU WKH DQWLFLSDWLQJ V\QFKURQL]DWLRQ PDQLIROG DV LQ WKH
FDVH RI WKH VLPSOHU UDWH HTXDWLRQV SUHVHQWHG KHUH 6XSSRVH WKDW WKH PDVWHU ODVHU
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LV FRXSOHG ELGLUHFWLRQDOO\ ZLWK WKH VODYH ODVHU
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ZKHUH J LV WKH GLmHUHQWLDO RSWLFDO JDLQ ~ u LV WKH PDVWHU DQG VODYH ODVHUV
 H[WHUQDO FDYLW\ URXQGWULS
WLPH ~ v LV WKH FRXSOLQJ GHOD\ WLPH EHWZHHQ ODVHUV o t  WKH FDUULHU GHQVLW\ UDWHo u x y WKH FDYLW\ GHFD\
UDWHVFDYLW\ ORVVHVo z  o  p DQG o y  o b p ZKHUH p GHWHUPLQHV SDUDPHWHU PLVPDWFKHVD
WKH LQMHFWLRQ SXPS FXUUHQWV IRU WKH ODVHUVN z  N y DQG N { DUH IHHGEDFN DQG FRXSOLQJ UDWHV )RU
VLPSOLFLW\ ZH WDNH WKH LQMHFWLRQ FXUUHQW WKH VDPH IRU ERWK ODVHUV ,Q WKH IROORZLQJ ZH ZLOO FRQVLGHU
RQO\ WKH FDVH RI VROLWDU\ UHFHLYHU DV LQ WKH H[SHULPHQWDO ZRUN >@ 1RZ ZH DQDO\WLFDOO\ SURYH WKDW
XQGHU FHUWDLQ FRQGLWLRQV WKH PDQLIROG
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FDQ EH WKH H[DFW DQWLFLSDWLQJ V\QFKURQL]DWLRQ PDQLIROG IRU WKH LQWHUDFWLQJ ODVHU V\VWHPV 
DQG GHULYH WKRVH FRQGLWLRQV /HW c z  c y EH WKH GHYLDWLRQV IURP WKH V\QFKURQL]DWLRQ PDQLIROG 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 7KHQ TXLWH HDVLO\ RQH FDQ REWDLQ WKH IROORZLQJ HTXDWLRQ IRU
WKH MRLQW HUURU G\QDPLFV IRU c z DQG c y 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c   c    LV WKH VROXWLRQ RI HTXDWLRQ  LQ RWKHU ZRUGV ZH REWDLQ WKH H[DFW DQWLFLSDWLQJ
V\QFKURQL]DWLRQ PDQLIROG  :H XQGHUOLQH WKDW ZKLOH GHULYLQJ  ZH GLG QRW DVVXPH WKDW WKH
c  DQG c  DUH VPDOO $OVR QRWLFH WKDW ZLWKRXW SDUDPHWHU PLVPDWFKHV RQH FDQQ
W REWDLQ WKH H[DFW
DQWLFLSDWLQJ FKDRV V\QFKURQL]DWLRQ PDQLIROG  7KH FRQGLWLRQ  LV WKH QHFHVVDU\ FRQGLWLRQ
IRU H[DFW DQWLFLSDWLQJ V\QFKURQL]DWLRQ EHWZHHQ ELGLUHFWLRQDOO\ FRXSOHG ODVHU V\VWHPV
7KHUH LV DQ LPSRUWDQW SRLQW ZKLFK GHVHUYHV WR EH XQGHUOLQHG +DG ZH UHWDLQHG WKH IHHGEDFN WHUP
LQ WKH UHFHLYHU V\VWHP LH N    WKHQ DOO WKH GLVFXVVLRQV UHODWLQJ WR WKH IRUPXODL  IRU WKH
H[LVWHQFH FRQGLWLRQV IRU FRXSOLQJ GHOD\ DQWLFLSDWLQJ V\QFKURQL]DWLRQ IRU WKH QRQFKDRWLF V\VWHPV
ZRXOG EH IXOO\ DSSOLFDEOH IRU V\VWHPV  DQG  $JDLQ DV LQ WKH FDVH RI QRQFKDRWLF V\VWHPV
LQ JHQHUDO WKH DSSUR[LPDWH DQWFLSDWLQJ V\QFKURQL]DWLRQ PDQLIROG ,  { ,      Q  { Q     FDQ VWLOO
WDNH SODFH XQGHU OHVV VUWLFWHU FRQGLWLRQV WKDQ  7KH GLmHUHQFHV EHWZHHQ WKH SXPS FXUUHQWV IRU
WKH ODVHUV FDQ HYHQ EH KHOSIXO WR DFKLHYH DQ DSSUR[LPDWH DQWLFLSDWLQJ V\QFKURQL]DWLRQ
7KXV WKH WKHRU\ RI H[DFW DQWLFLSDWLQJ V\QFKURQL]DWLRQ IRU ELGLUHFWLRQDOO\ FRXSOHG H[WHUQDO FDYLW\
ODVHU GLRGHV ZLWK SDUDPHWHU PLVPDWFKHV ZH DOVR FRQVLGHUHG SRVVLEOH PLVPDWFKHV RI RWKHU SDUDP
HWHUV J DQG o   EXW ZH REWDLQHG EHWWHU UHVXOWV ZLWK PLVPDWFKHV RI o FRQVLGHUHG KHUH RQO\ SDUWLDOO\
H[SODLQV H[SHULPHQWDO UHVXOWV RQ DQWLFLSDWLQJ FKDRV V\QFKURQL]DWLRQ LQ >@ 7KH VSHFLnF YDOXH RI
H[WHUQDO FDYLW\ URXQG WULS WLPH ~   ~  IRU ZKLFK ZH REWDLQ H[DFW DQWLFLSDWLQJ FKDRV V\QFKUR
QL]DWLRQ IRU WKH ELGLUHFWLRQDOO\ FRXSOHG ODVHU V\VWHPV GRHV QRW PHDQ WKDW RQH FDQ UHO\ RQ WKH
QXPHULFDO UHVXOWV LQ >@ ZKHUH DQWLFLSDWLQJ FKDRV V\QFKURQL]DWLRQ EHWZHHQ WKH XQLGLUHFWLRQDOO\
FRXSOHG ODVHU GLRGHV ZDV LQYHVWLJDWHG DQG WKH DQWLFLSDWLQJ V\QFKURQL]DWLRQ PDQLIROG ,   ,       Ł
ZDV HVWDEOLVKHG 7KLV FRQFOXVLRQ IROORZV IURP WKH IDFW WKDW LQ JHQHUDO ,   ,      
Ł
LV QRW WKH
DQWLFLSDWLQJ V\QFKURQL]DWLRQ PDQLIROG IRU V\VWHPV  DQG 
7R VXPPDUL]H ZH KDYH SUHVHQWHG DQ DQDO\WLFDO LQYHVWLJDWLRQ RI H[DFW DQWLFLSDWLQJ V\QFKURQL]DWLRQ
EHWZHHQ WZR ELLGLUHFWLRQDOO\ FRXSOHG WLPHGHOD\HG V\VWHPV LQ WKH FDVH ZKHQ WKHVH V\VWHPV DUH
JRYHUQHG E\ WZR FKDUDFWHULVWLF WLPHV WKH GHOD\ WLPH LQ WKH FRXSOLQJ DQG WKH GHOD\ WLPH LQ WKH
FRXSOHG V\VWHPV WKHPVHOYHV :H KDYH IRXQG WKDW H[DFW DQWLFLSDWLQJ FKDRV V\QFKURQL]DWLRQ ZLWK
FRXSOLQJGHOD\ DQWLFLSDWLQJ WLPHV FDQ H[LVW LI WKHUH DUH SDUDPHWHU PLVPDWFKHV :H KDYH DSSOLHG
RXU DSSURDFK WR LQWHUSUHW WKH UHVXOWV RI UHFHQW nUVW H[SHULPHQWDO REVHUYDWLRQ RI DQWLFLSDWLQJ FKDRV
V\QFKURQL]DWLRQ LQ H[WHUQDO FDYLW\ VHPLFRQGXFWRU ODVHUV ZLWK RSWLFDO IHHGEDFN :H KDYH VKRZQ
WKDW RXU DSSURDFK FDQ H[SODLQ WKH H[SHULPHQWDO UHVXOWV RQO\ IRU VSHFLDO FDVHV
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